Abstract. The tropical periodic Toda lattice (trop p-Toda) is a dynamical system attracting attentions in the interplay of integrable systems and tropical geometry. We show that the Young diagrams associated with trop p-Toda given by two very different definitions are identical. The first definition is given by Lax representation of discrete periodic Toda lattice, and the second one is associated with a generalization of KerovKirillov-Reshetikhin bijection in combinatorics of Bethe ansatz. By this identification it is shown for the first time that the Young diagrams given by the latter definition are preserved under the time evolution. This result is regarded as an important first step to clarify the iso-level set structure of this dynamical system in general cases, i. e. not restricted to generic cases.
Introduction
The Toda lattice is one of the most famous integrable systems in classical mechanics [1] . Recently, one of its variations is attracting attentions in the context of connections between tropical geometry and integrable systems [2] . We call this system the tropical periodic Toda lattice (trop p-Toda) [3, 4, 5] . Its evolution equation was known as the ultra-discretization of the discrete periodic Toda equation [6] . In [7, 8] , Inoue and Takenawa studied this system and clarified its iso-level set structure under a certain condition which they call generic. From the viewpoint of tropical geometry, this condition is related to the smoothness of the tropical spectral curve determined by the conserved quantities of the system.
In this paper we study conserved quantities of trop p-Toda without the generic condition. In particular, we show that the Young diagrams associated with trop p-Toda given by two very different definitions are identical. From one of the definitions one immediately sees that the common Young diagram is preserved under the time evolution. In the context of integrable cellular automaton explained below, this Young diagram represents the content of solitons in the system, and the generic condition is requiring no two solitons have a common amplitude. We believe that this identification of the Young diagrams is the first step to clarify the iso-level set structure of this dynamical system in general cases, i. e. not restricted to generic cases. 
Then it is easy to see that the unique solution of (2) under (3) is given by
Let e 
for 3 ≤ k ≤ N . Then it is easy to see that
Let F 1 (x; a 1 , a 2 ) = x + a 1 + a 2 and 
for N ≥ 3.
Lemma 2
G N (x; a 1 , . . . , a 2N ) = y + (
Proof. By expanding (11) with respect to its N -th column one has
where we have used Lemma 1.
From Lemma 1 and (13), one finds that the g (N )
k 's satisfy the same relations (5) and (6) as e (N )
The evolution equation and Lax representation
Based on [3] we briefly review the derivation of discrete and tropical periodic Toda lattice equations. Let {x n (t)} n∈Z N be a set of smooth functions of time t ∈ R. Set a 2n = a 2n (t) := 1 + δẋ n (t), a 2n+1 = a 2n+1 (t) := δ 2 e x n+1 (t)−xn(t) with δ > 0 and
Combinatorial aspects of the conserved quantities of the tropical periodic Toda lattice 5 a j = a j (t + δ) for j ∈ Z 2N . Then we have lim δ→0 1 δ 3 (ā 2nā2n+1 − a 2n+1 a 2n+2 ) = 0. Suppose x n = x n (t)'s satisfy the Toda lattice equation
Then we have lim δ→0 1 δ 2 (ā 2n−1 +ā 2n − a 2n − a 2n+1 ) = 0. Under this consideration, we define the evolution equations for the discrete periodic Toda lattice as
where a n = a t n ,ā n = a t+1 n are dependent variables which depend on discrete spatial coordinate n ∈ Z 2N and discrete time t ∈ Z. Obviously,
2N
l=1 a l is a conserved quantity. By Lemma 4 we will find that h N = N l=1 a 2l−1 + N l=1 a 2l is also a conserved quantity. It implies that (
While the former leads to the trivial solutionā n = a n+1 , the latter to a non-trivial solutionā
For a derivation of this solution, see Proposition 6.13 of [3] . Now we consider its tropicalization, which is a procedure to replace × by +, and + by min. Note that the numerator in (16) is a conserved quantity. By regarding it as a positive constant and setting it to be zero under the tropicalization with trivial valuation [11] , we obtain a dynamical system given by the piecewise linear evolution equations
on the phase space
We call this system the tropical periodic Toda lattice [3] .
Remark 3
We have changed the notations as a 2n−2 = q n , a 2n−1 = w n , A 2n−2 = Q n , A 2n−1 = W n from those in [3] , since this enables us to describe the conserved quantities neatly.
Without loss of generality, we can assume all the A-variables in (17) take their values in R >0 . This enables us to represent the time evolution of trop p-Toda by a sequence of two-colored (white and black) strips, where the lengths of the white (resp. black) segments are denoted by A 2n−1 s (resp. A 2n s). See Figure 1 for an example. . Now based on [7] we briefly review the Lax representation for the discrete periodic Toda lattice equation. Let
We denote by R(λ), M (λ) the matrices obtained from R(λ), M (λ) by replacing a i bȳ a i for all i. Then the evolution equations of the discrete periodic Toda lattice (15)
Then we have the Lax representation for the discrete periodic Toda lattice as
This implies that the polynomial det(xI + L(λ)) is invariant under the time evolution. Hence its coefficients are conserved quantities. Since G N (x; a 1 , . . . , a 2N ) in (11) is expressed as G N (x; a 1 , . . . , a 2N ) = det(xI + L((−1) N −1 y)) we have the following:
Lemma 4 The discrete periodic Toda lattice (15) has N + 1 conserved quantities
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By taking their tropicalization we obtain:
Lemma 5 The tropical periodic Toda lattice (17) has N + 1 conserved quantities
Remark 6
We derived Lemmas 4 and 5 directly through the Lax representation. An equivalent result was obtained by using a different method in [16] , Proposition 3.9.
The weak convexity condition between the conserved quantities
The iso-level set structure of trop p-Toda has been clarified by means of tropical geometry [7, 8] Now we present one of our new results in this paper.
2N let H 0 (x) = 0 and
. . , i k } and S 2 = {j 1 , . . . , j k+2 } be the sets of their indices. To begin with we assume
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Figure 2. Examples for Lemma 7
If there exists b ∈ S 2 such that b is not next to a for any a ∈ S 1 , then we have
Hence the claim follows. Suppose otherwise. Draw a circle of circumference 2N with a spacial coordinate 1, . . . , 2N assigned counter-clockwise on it. Put •'s on the circle at the positions given by S 1 , and put •'s at those given by S 2 . Since every b ∈ S 2 is next to some a ∈ S 1 , there exist at most two n − •−. Now let I 1 (resp. I 2 ) be the set of the positions of •'s (resp. •'s) on the circle. Then since
When S 1 ∩ S 2 = ∅, we can prove the statement by replacing S i by S i \ (S 1 ∩ S 2 ) for i = 1, 2 and repeating the above arguments. This is because no elements of S 1 ∩ S 2 are next to any a ∈ S i \ (S 1 ∩ S 2 ) for i = 1, 2. The proof is completed.
Recall the conserved quantity of the tropical periodic Toda lattice (20) . Let
Then by Theorem 9 we havel 1 ≥ · · · ≥l N > 0. Let {l i } 1≤i≤s be the set of real numbers satisfying l 1 > · · · > l s such that for any 1 ≤ j ≤ N there exists 1 ≤ i ≤ s such thatl j = l i . And let m i = #{j|1 ≤ j ≤ N,l j = l i }. Now we can express the conserved quantities by a Young diagram ( Figure 3 ) in which the lengths of the arms are not necessarily integers.
In the context of integrable cellular automaton, this Young diagram represents the content of solitons in the system. From this point of view, we have m i solitons of amplitude l i for 1 ≤ i ≤ s. We note that the lengths of the black segments in Figure 1 are not always identical to the amplitudes of solitons represented by λ, since there are intermediate states of collisions of several solitons.
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we can express the conserved quantities by a Young diagram (Figure 3 ) in which the lengths of the arms are not necessarily integers.
Another algorithm for the Young diagram and the main theorem
We introduce another algorithm to construct Young diagrams from states of trop pToda. This algorithm is related to the KKR bijection in sl 2 case which was applied to the inverse scattering transform of pBBS [17] . It is also regarded as a continuous 
We introduce another algorithm to construct Young diagrams from states of trop pToda. This algorithm is related to the KKR bijection in sl 2 case which was applied to the inverse scattering transform of pBBS [17] . It is also regarded as a continuous analogue of the '10-elimination' procedure [15] . We shall prove that the Young diagram obtained here coincides with the one that was defined in the previous subsection.
Say any sequence of nonnegative real numbers x 1 , . . . , x 2n obeys the highest weight condition if the inequalities
are satisfied for 1 ≤ k ≤ n. Fix time t and denote the dependent variables of trop p-Toda A t i by A i . By shifting their indices cyclically, one can make the sequence A 1 , . . . , A 2N obey the highest weight condition. This is due to the phase space condition under (17) , and suppose we have done so. Let
2N (1) ) with x
Given an array of positive real numbers
where
In the array of non-negative real numbers y
2N (i) , suppose there are k (i) sequences of zeros. Here we regard a sole zero also as a sequence. We denote by n
) the length of the j-th sequence of zeros. Let
j /2 where c is the smallest integer satisfying c ≥ c. If N (i+1) = 0 then we stop. Otherwise we define an array
2N (i+1) ) of positive real numbers satisfying the highest weight condition by the following procedure. 
2N (i+1) satisfies the highest weight condition.
Lemma 10
The highest weight condition is preserved under the following procedures.
(i) Insert or remove two consecutive zeros.
(ii) Split any positive term into two positive numbers and insert a zero between them, or remove a zero and join its neighbors into one term.
Suppose
. Obviously the set of numbers {(µ (i) , ν (i) )} 1≤i≤u determines a Young diagramλ in which the lengths of the arms are positive real numbers (Figure 4) . Combinatorial aspects of the conserved quantities of the tropical periodic Toda lattice11 Example 11 For N = 6, let
Then we have: Example 11 For N = 6, let
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A 5 = A 6 = A 7 = A 9 = A 10 = 1. Then we have:
Then we have:
Now we present the main result of this paper.
Theorem 13 For any integer 1 ≤ k ≤ N , the area of the part of the Young diagramλ between its bottom line and the horizontal line above it at distance k is given by H k , the k-th conserved quantity of the trop p-Toda defined as in (20) .
In other words, the Young diagramλ in Figure 4 coincides with the Young diagram λ in Figure 3 . We shall give a proof of this theorem in the next section. = 0, we put a symbol × at the top of the line. Then, change the symbol × into another symbol ⊗ if it is an isolated one, or is at an odd-th position of a sequence of consecutive ×'s. In what follows we will pay our attention to ⊗'s only and ignore the other ×'s. Each ⊗ is called the top of a tree of level 1. For each isolated ⊗ or sequence of ⊗'s placed at every other position, we let the lines adjacent to ⊗'s join together to straddle the ⊗'s. Here we respect the periodic boundary condition, so the leftmost and rightmost ends are regarded as adjacent. We call each joining point a branching point of level 1. After this procedure, the number of lines is reduced to 2N (2) . Now we describe a general procedure to draw the diagram from level i − 1 to level i. We associate the positive real numbers x At the end we obtain a graph Φ A for the state A = (A 1 , . . . , A 2N ). Denote by T ree(Φ A ) the set of all trees in the graph Φ A . Define the level of a tree by the level of its top point marked by ⊗. By construction, the number of level i trees is ν (i) . Hence there are u l=1 ν (l) = N trees in total. Let t ∈ T ree(Φ A ) be a tree of level i. We define its height by Ht(t) = i l=1 µ (l) .
Proof of the main theorem

Drawing a diagram of trees
Definition 14
We label all the trees in T ree(Φ A ) as t 1 , . . . , t N so that their heights are in weakly increasing order, i. e. i < j ⇒ Ht(t i ) ≤ Ht(t j ). Let Tree (k) = {t 1 , . . . , t k }.
Now we see that the assertion of Theorem 13 is equivalent to the relation
Ht(t i ) = min
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Elementary lemmas
We present several elementary lemmas on the graph Φ A that are necessary to prove Theorem 13. Given t ∈ T ree(Φ A ), we define a set of indices of the A-variables as Root(t) = {i ∈ {1, . . . , 2N }|A i is at a bottom point of t}.
For T ⊂ T ree(Φ A ) we write Root(T ) = t∈T Root(t). If P is a branching point of t at level i, we define its height by Ht(P ) = i l=1 µ (l) . (Note that we regard a tree and a branching point of the same level have common height, though they are not so depicted in figures for technical reasons.) Say P has multiplicity m P if there are m P + 2 lines outgoing from P . If the tree t has branching points P 1 , . . . , P q with multiplicities m P 1 , . . . , m Pq , define the weight of t by
The set T ree(Φ A ) becomes a partially ordered set by introducing the following partial order. Denote by t s when s is straddled by t. We denote by t s when either t s or t = s is satisfied. For t ∈ T ree(Φ A ) we define
Sub(t) = {s ∈ T ree(Φ A )|t s} = Sub(t) {t}.
Each element of Sub(t) takes either an odd-th position or an even-th position in its nesting structure, regarding t itself as taking the first position and the order of the nesting as increasing inwardly. We denote by Sub o (t) ⊂ Sub(t) the set of all trees at odd-th positions, and let Sub e (t) = Sub(t) \ Sub o (t). Accordingly, we define
Root e (t) = Root(Sub e (t)),
and Root(t) = Root o (t) Root e (t). Then we have:
Ht(s) = i∈Rooto(t)
We also use the following lemmas in the next subsection.
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Lemma 17 #Sub(t) = #Root o (t). (32)
Proof. Denote all the branching points in Sub(t) by P 1 , . . . , P r and their multiplicities by m P 1 , . . . , m Pr . By looking the graph downwardly, we see that the number of trees increases by m at a branching point with multiplicity m. Hence #Sub(t) = 1+ r i=1 m P i . In the same way, we see that the number of vertical lines increases by 2m at the branching point. Hence #Root(t) = 1 + r i=1 2m P i , which implies #Root o (t) = 1 + r i=1 m P i .
One can prove the following lemma by induction on k.
Lemma 18 For any t ∈ Tree
(k) the relation Sub(t) ⊂ Tree (k) holds.
Say ξ is a maximal element of a partially ordered set X if ξ ξ is satisfied for any ξ ∈ X that is comparable to ξ with respect to the partial order.
Definition 19 Let MTree
(k) ⊂ Tree (k) be the set of all maximal elements of Tree (k) .
Then we have:
Lemma 20
Proof. We show the inclusion ⊂ since the opposite inclusion is almost trivial. Suppose u is an element of LHS. Then there exists t ∈ MTree (k) ⊂ Tree (k) such that u ∈ Sub(t).
This implies u ∈ Tree (k) by Lemma 18.
Definition 21 Let MSub(t) ⊂ Sub(t) be the set of all maximal elements of Sub(t).
Then it is easy to see that the following relations are satisfied:
Root e (t) =
From (28), (34), (35) and Lemma 16 we have:
Lemma 22 i∈Rooto(t)
A i = Ht(t) + i∈Roote(t)
Let t ∈ T ree(Φ A ) be a tree and P ∈ t is one of its branching points. Consider a subtree t 1 ⊂ t that extends downwardly from P . See Figure 6 . Define Root(t 1 ), Sub(t 1 ), etc. by extending the definitions (24), (27), etc. in an obvious way. Note that t 1 itself is not an element of T ree(Φ A ). Then we have:
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Proof.
If the subtree t 1 has branching points Q 1 , . . . , Q s with multiplicities m Q 1 , . . . , m Qs , define its weight by
Then by the algorithm of drawing the graph Φ A we can deduce wt(t 1 ) ≤ i∈Root(t 1 ) A i . We define t 1 called the completion of t 1 as a tree obtained by extending the top of t 1 by the length i∈Root(t 1 ) A i − wt(t 1 ). In other words t 1 is a tree that shares all the branching/bottom points with t 1 but satisfies Lemmas 15 and 16. Then the claim follows by applying Lemma 22 on the tree t 1 and using wt(t 1 ) ≥ wt(P ). Figure 6 . (left) The subtree t 1 defined as a branch of t under a branching point P : (right) A tree t 1 defined as the completion of t 1
Proof of Theorem 13
Now we give a proof of the main theorem, leaving proofs of two more lemmas afterwards in the following subsections.
Given N we define the sets of nearest neighbor excluding indices as
Then the RHS of (23) can be written as min B∈B(k,N ) { i∈B A i }. The Forest Realization Lemma in §3.5 claims that for any 1 ≤ k ≤ N there exists T ⊂ T ree(Φ A ) such that the relation min B∈B(k,N ) i∈B
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is satisfied. Then, from the Closed Packing Lemma in §3. 4 we can deduce that such T must be written by a disjoint union as
This implies that i∈Root(T )
where we have used Lemma 16 and the relation t∈U #(Sub(t)) = k which was verified by Lemma 17. Hence it suffices to show that there exists U ⊂ T ree(Φ A ) such that the relation
is satisfied. By Lemma 20 one finds that this relation is satisfied when U = MTree (k) .
This completes the proof of Theorem 13.
Closed Packing Lemma
Recall that B(N ) = 1 k N B(k, N ) is the set of nearest neighbor excluding indices. Given t ∈ T ree(Φ A ), take any V ⊂ Sub(t) satisfying t ∈ V and Root(V ) ∈ B(N ). We say that V is closely packed with respect to t when V = Sub o (t).
Lemma 24 If V is not closely packed with respect to t, there exists S ∈ B(N ) such that S ⊂ Root(t), |S| = |Root(V )| and i∈S A i < i∈Root(V ) A i .
Proof. Let n be the order of the nesting of the trees in Sub(t). We prove the lemma by induction on n. If n = 1, 2 one necessarily has V = Sub o (t) so there is nothing to be proved. Suppose n ≥ 3. Let V C = Sub(t) \ V and a = min Root(Sub o (t) ∩ V C ). If such a does not exist, then V is closely packed. Suppose otherwise. We denote by s ∈ Sub o (t) ∩ V C the tree satisfying a ∈ Root(s).
(i) Suppose there exists u ∈ MSub(s) such that both u ∈ V and Sub o (u)∩V = Sub o (u) are satisfied. Then V u = V ∩ Sub(u) is not closely packed with respect to u. From the induction hypothesis, there exists S u ∈ B(N ) such that S u ⊂ Root(u), |S u | = |Root(V u )| and i∈Su A i < i∈Root(Vu) A i . Now the assertion of the lemma follows by taking S = (Root(V ) \ Root(V u )) S u .
(ii) Suppose otherwise, i. e. for any u ∈ MSub(s) either u / ∈ V or Sub o (u) ⊂ V is satisfied.
(a) Suppose Sub o (u) ⊂ V is satisfied for any u ∈ MSub(s). This implies that Sub e (s) ⊂ V or equivalently Root e (s) ⊂ Root(V ). Let r ∈ Sub e (t) be the tree that directly straddles s, and q ∈ Sub o (r) be the one that directly straddles r.
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See Figure 7 . We denote by P the branch point of q at which it straddles r. Note that Ht(P ) = Ht(r). Let q 1 be the subtree of q that extends downwardly from P and is adjacent to r on its left side. By the definition of a we have Root o (q 1 ) ⊂ Root(V ). Define S ∈ B(N ) as
Then by Lemmas 22 and 23 we have i∈Root(V ) A i − i∈S A i ≥ Ht(P )−Ht(s) > 0. (b) Suppose otherwise, i. e. there exists s ∈ MSub(s) such that s / ∈ V . Replace s by s and repeat the above arguments. Since the order of the nesting is finite, this case (ii)b can not repeat endlessly, and we will eventually arrive at case (i) or (ii)a. The proof is completed. 
Forest Realization Lemma
Given a state of the trop p-Toda A = (A 1 , . . . , A 2N ), there are generally more than one B * ∈ B(k, N ) which satisfy the condition min B∈B(k,N ) i∈B A i = i∈B * A i . We want to show that it is always possible to find such B * that can be realized as the set of all the bottom points of a forest, a set of trees in Φ A .
Example 25 Consider Example 11 with k = 4.
One can take B * = {4, 6, 8, 10}, {5, 7, 9, 11}, {3, 5, 7, 9} or {4, 6, 9, 11}. By Figure 5 one finds that the former two are not realized by forests, but the latter two are.
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Lemma 26 For any 1 ≤ k ≤ N there exists T ⊂ T ree(Φ A ) such that both Root(T ) ∈ B(k, N ) and min B∈B(k,N ) i∈B
are satisfied.
Proof. Recall that Φ A is a graph associated with A = (A 1 , . . . , A 2N ). It is composed of several connected components called trees. We denote by N (Φ A ) the set of all nodes of Φ A . It is the set of top points, bottom points, and branching points of the trees in Φ A .
In the same way, we denote by L(Φ A ) the set of all links of Φ A . Note that, a top point has only a downward link, a bottom point has only an upward link, and a branching point has an upward and several downward links outgoing from it. Choose any B * ∈ B(k, N ) that satisfies min B∈B(k,N ) i∈B
We draw a subgraph of Φ A associated with B * , that is denoted by Φ A (B * ) and is defined as follows. First we adopt the bottom points {A i } i∈B * as elements of N (Φ A (B * )), and adopt the links connected to them as those of L(Φ A (B * )). We also adopt the nodes at the other end of these links as elements of N (Φ A (B * )). If such an adopted node is a branching point of Φ A , then there are two cases to be distinguished.
(i) Filled branching point: All its downward links are adopted ones.
(ii) Unfilled branching point: Part of its downward links are unadopted ones.
If there is a filled branching point, we also adopt its upward link and the node at the other end as elements of L(Φ A (B * )) and N (Φ A (B * )). Repeat this procedure as much as possible, and let Φ A (B * ) be the graph obtained finally. If all the branching points in Φ A (B * ) are filled ones, then there exists T ⊂ T ree(Φ A ) such that B * = Root(T ). Hence we are done.
Suppose otherwise. It is enough to show that there exists a procedure to find a C * ∈ B(k, N ) such that the number of unfilled branching points in Φ A (C * ) is smaller than the number of those in Φ A (B * ) by one, under the condition i∈C * A i = i∈B * A i . The claim of the lemma follows by using this procedure repeatedly. We denote by P an arbitrary chosen unfilled branching point in Φ A (B * ) with lowest height, and by q ∈ Tree(Φ A ) the tree wherein P lies. By definition, there are both adopted and unadopted subtrees of q under P . It is enough to show that there exists a way to reduce the number of the adopted subtrees without changing the other conditions. Among those subtrees, choose an adjacent pair of adopted/unadopted subtrees q 1 , q 2 . See Figure 8 for an example. Then, there is an unadopted tree r ∈ MSub(q) under P between q 1 and q 2 . By Lemma 24 and since there is no unfilled branching point under P one sees that Sub(q 1 ) ∩ Φ A (B * ) must be closely packed with respect to q 1 , because otherwise (47) is not satisfied.
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and can be written as C * 1 = Root(V ) with some V ⊂ Sub(q 1 ) Sub(r) ⊂ T ree(Φ A ). 
The inequality case is excluded because otherwise (47) is not satisfied. (b) Suppose otherwise, i. e. there exists r ∈ MSub(r) such that r / ∈ V . See Figure 9 (Right). Replace r by r and repeat the above arguments. Since the order of the nesting is finite, this case (ii)b can not repeat endlessly, and we will eventually arrive at case (i) or (ii)a. The case (i) has already been excluded.
Combinatorial aspects of the conserved quantities of the tropical periodic Toda lattice20
The case (ii)a can be also excluded because now we have Ht(r ) − Ht(P ) < 0 instead of the right equality of (49). Thus one finds neither case can happen. To summarize, the only possible case is (ii)a, under the condition that the equality in (49) holds. Then by changing B * by (B * \ B * 1 ) C * 1 one can reduce the number of adopted subtrees under P by one without changing the other conditions. The proof is completed.
A continuous analogue of Kerov-Kirillov-Reshetikhin bijection
A map from highest weight paths to rigged configurations
The Kerov-Kirillov-Reshetkhin (KKR) bijection is a bijection between the set of tensor products of crystals [20] and the set of a combinatorial objects known as rigged configurations. In this section we consider a continuous analogue of KKR map in sl 2 case.
Given L > 0, let P + = ∞ N =1 P +,N where 
Each element of the set M s is depicted as a Young diagram with area ≤ L/2. For λ ∈ M s define its j-th vacancy number p j (λ) as
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Also we define the set of rigged configurations Rig(λ) associated with λ as
(53) Let Rig = λ∈M Rig(λ).
Given L > 0 we define a pair of maps φ 1 : P + → M and φ 2 : P + → Rig, such that φ = (φ 1 , φ 2 ) gives a bijection φ : P + → λ∈M {λ} × Rig(λ).
The map φ 1
We slightly modify the algorithm in §2.4 for constructing the Young diagram by replacing item (iii) there by the following:
• Suppose the last sequence of n (i) k (i) zeros is at the right end after a positive neighbor a as . . . , a, 0, . . . , 0. Remove these zeros. If n k (i) is odd then also remove a.
We define the map φ 1 : P + → M by the algorithm in §2.4 with this modification. Given the A-variables satisfying the highest weight condition, the Young diagramλ constructed by the algorithm in §2.4 does not change under this modification. By this fact and Theorem 13, we see that φ 1 is a map that yields the conserved quantities of trop p-Toda. 
The map φ 2
Consider the algorithm in §2.4 with the modification in §4.2. For the i-th block (µ (i) , ν (i) ) of the Young diagramλ we associate ν (i) non-negative real numbers called quantum numbers. Recall that in the array of non-negative real numbers y
